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Abstract. Asymptotics of solutions to fractional elliptic equations with Hardy type potentials is 
studied in this paper. By using an Almgren type monotonicity formula, separation of variables, 
and blow-up arguments, we describe the exact behavior near the singularity of solutions to 
linear and semilinear fractional elliptic equations with a homogeneous singular potential related 
f^") to the fractional Hardy inequality. As a consequence we obtain unique continuation property for 

fractional elliptic equations. 

o 
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1. Introduction 

The purpose of the present paper is to describe the asymptotic behavior of solutions to the 
following class of fractional elliptic semilinear equations with singular homogeneous potentials 



0*'- (1) (-A) s u(x)- T \ ; u(x) = h{x)u(x)+f(x,u(x)), infi, 

43 



where Q C R is a bounded domain containing the origin, 

p2 ( N+2s \ 



2s x V 4 



(2) N>2s, 8 6(0,1), A<A W , S :=2 

(3) ;ieC 1 (J]\{0}), \h(x)\ + \x-Vh(x)\ ^C h \x\~ 2s+e as |i| -> 0, 
f / e C x (0 x R), t i-» F{x,t) e C 1 (il x R), 



G\ ■ (4) 



\f{x,t)t\ + \f t (x,t)t 2 \ + \V x F(x,t) -x\^C f \t\ p for a.e. x € and all t € 



where 2 < p ^ 2*(s) = , F(x,t) — f Q f(x,r) dr, Cf,Ch,s > arc positive constants inde- 

pendent of x £ f2 and i g R, V X F denotes the gradient of F with respect to the x variable, and 

£f) ■ We recall that for any ip <G (7™(R ) and s <S (0, 1), the fractional Laplacian (— A) s ip is defined 

as 

(5) (-A)V(x)=W.)P.V./ f^M^ = C(iV, S )lim + / f^gd, 

Jr« \x-y\ N+2s J\x-y\>p\x-V\ N+IS 

!_i ■ where P.V. indicates that the integral is meant in the principal value sense and 

- - -' V ( N+2s \ 

C(N,s) = n-^^^s(l-s). 



The Dirichlet form associated to (— A) s on C£°(R N ) is given by 
C(N,s) f (u(x) -u(y))( v(x)-v(y)) 
\x - y\ 



(6) (ti 1 B)p.,> (K w)= / u_„|jv+ 2s = / _ |£| s w(?)u(C)^, 



where u denotes the unitary Fourier transform of u. It defines a scalar product thanks to (8) or 
(9) below. From now on we define T> S ' 2 (M. N ) as the completion on C%°(M. N ) with respect to the 
norm induced by the scalar product (6). 
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By a weak solution to (1) we mean a function u € T> S ' 2 (M. N ) such that 

(7) (u,<p)z>.,2(RW) = (-^u(x) + h(x)u(x) + f(x,u(x))jip{x)dx, for all ip e C~(fi). 

We notice that the right hand side of (7) is well defined in view of assumptions (3)-(4), the 
Hardy-Littlewood-Sobolev inequality 

(8) £jV,s|M| i2 «(s)( H iV) ^ ll M lll)s,2(RN), 

and the following Hardy inequality, due to Herbst in [17] (see also [25]), 

(9) A N>S f ^-dx^ f \e s u 2 (£)dZ = \\u\\ 2 Vs , 2{RNV ior a \\uGV^(R N ). 

Jm N \ x \ Jr n 

It should also be remarked that, in (7), wc allow p = 2*(s) and that u is not prescribed outside f2. 

One of the aim of this paper is to give the precise behavior of a solution u to (1). The rate and 
the shape of u are given by the the eigenvalues and the eigenfunctions of the following eigenvalue 
problem 



(10) 

where 

(11) 
and 



-div s «(0i- 2s V s «^) = ^e\- 2s i>, in s£, 
■ lim ei _j. + B\~ 2s V§ni)) ■ ei = K s \ip, on <9§^, 



s 2 2s -ir( s ) 

= {(e 1 ,d 2 ,...,e N+1 )e^ N :e 1 >0} = {f l :zeR N+ \ z-ei > o} , 



with ei =(1,0,..., 0); we refer to section 2.1 for a variational formulation of (10). From classical 
spectral theory (sec section 2.1 for the details) problem (10) admits a diverging sequence of real 
eigenvalues with finite multiplicity 

A*i(A)<w(A)<-"<p fc (A)<--- 



Moreover /ii(A) > -( — 2 2;i ) 2 , see Lemma 2.2. 
Our first main result is the following theorem. 

Theorem 1.1. Let u E T> S < 2 (M. N ) be a nontrivial solution to (1) in a bounded domain f2 C M. N 
containing the origin as in (7) with s,X,h and f satisfying assumptions (2), (3) and (4). Then 
there exists an eigenvalue /Xfc (A) of (10) and an eigenfunction ip associated to /ife (A) such that 



H 



(12) r -V-VAVTH^W u (T^) -> V(0,6»') mC 1 ' Q (S Ar " 1 ) as r 

/or some a € (0, 1), where S N_1 = 9§^. 

We should mention that the above result is stated in such form for the sake of simplicity. In fact, 
for the eigenfunction %j) in (12), we obtain precisely its components in any basis of the eigenspace 
corresponding to /ifc (A), see Theorem 4.1 (below). We also remark that /ii(A) < for A > and 
it is determined implicitly by the usual Gamma function, see Proposition 2.3. 

Our next result contains the so called strong unique continuation property which is a direct 
consequence of Theorem 1.1. 

Theorem 1.2. Suppose that all the assumptions of Theorem 1.1 hold true. Let u be a solution 
to (1) in a bounded domain fl C M. N containing the origin. If u{x) = 0(|x| n ) as \x\ for all 
n £ N, then u = in Q. 

Recent research in the field of second order elliptic equations has devoted a great attention to 
the problem of unique continuation property in the presence of singular lower order terms, see e.g. 
[10, 18, 20]. Two different kinds of approach have been developed to treat unique continuation: 
a first one is due to Carleman [5] and is based on weighted priori inequalities, whereas a second 
one is due to Garofalo and Lin [15] and is based on local doubling properties proved by Almgren 
monotonicity formula. In the present paper we will follow the latter approach. Furthermore, in the 
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spirit of [11, 12, 13], the combination of monotonicity methods with blow-up analysis will unable 
us to prove not only unique continuation but also the precise asymptotics of solutions stated in 
Theorem 1.1. 

To explain our argument let us we write (7) as 



(13) 



(~A) s u = G{x,u) mil. 



The proof of our results is based on the study of the Almgren frequency function at the origin 0: 
"ratio of the local energy over mass near the origin" . Due to the non-locality of the Dirichlet form 
associated to (— A) s , it is not clear how to set up an Almgren's type frequency function using this 
energy as in the local case s = 1. A way out for this difficulty is to use the Caffarelli-Silvestre 
extension [4] which can be seen as a local version of (13). The Caffarelli-Silvestre extension of a 
solution u to (13) is a function w defined on 



t N+l 



{z = (t,x):t£ (0,+oo), x € K iv } 



satisfying w = u on Q and solving in some weak sense (see Section 2 for more details) the boundary 
value problem 



(14) 



f div(t x - 2s Vw) = 0, 
| - lim t 1 - 28 ff = Ka G(x,w), 



t-vO+ 



piV+1 



Here and in the following, we write z — [t, x) 
with <9K+ +1 , so that is contained in dR+ +1 . 

We then consider the Almgren's frequency function 



in 
on ft 



N+l 



with x G K and t > 0, and we identify 



Af(r) 



D(r) 
H(r) 



where 
D(r) : 

being 



„AT-2s 



,l-2s 



|Vu;| 2 dt dx — k s / G(x,w)wdx 



H{r) 



1 



«+l-2s 



r 



f l-2s„„2 



w dS, 



B+ = {z = (t,x) G 
S+ = {z= (t, x) G 



\z\ < r}, 
\z\=r}, 



B' r := {x G 



< r}, 



and dS denoting the volume clement on A^-dimensional spheres. 

As a first but nontrivial step, we prove that lim r _j.o Af(r) := 7 exists and it is finite, see 
Lemma 3.14. Next, we make a blow-up analysis by zooming around the origin the solution w 
normalized also by \fH. More precisely, setting w T (z) = -^^L, we have that w T converges, (in 

some Holder and Sobolev spaces) to w solving the limiting equation 



div(^- 2s Vw) = 0, 



in £>, 



lim t 1 

t-yO+ 



St - on ^i- 



To obtain this, the fact that h is negligible with respect to the Hardy potential and / is at most 
critical with respect to the Sobolev exponent (see assumptions (3) and (4)) plays a crucial role; we 
refer to Lemma 4.2 for more details. 

The main point is that the Almgren's frequency for w is Af(r) = lim T _j.o A/"(rr) = 7, i.e. Af 
is constant; hence w and Vw • A are proportional on L 2 (S*+; t 1 ^ 11 ). As a consequence we ob- 
tain w(z) = (p(\z\)i/j(-£r) ■ By separating variables in polar coordinates, we obtain that ip is an 
cigenfunction of (10) for some eigenvalue /Zfe (A). By the method of variation of constants and 
the fact that w has finite energy near the origin, we then prove that tp(r) is proportional to 

r 7 and that 7 = 2s ~ N + J ( 2s T, N ) 2 + /ifc (A). We finally complete the proof by showing that 
lim r ^o r~ 2l H(r) > 0, see Lemma 4.5. 
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We should mention that in the recent literature, a great attention has been addressed to non- 
local fractional diffusion and many papers have been devoted to the study of existence, non- 
existence, regularity and qualitative properties of solutions to elliptic equations associated to frac- 
tional Laplace type operators, see e.g. [2, 3, 4, 6, 8, 9, 22, 23] and references therein. 

2. Preliminaries and notations 

Notation. We list below some notation used throughout the paper. 

- ={z£ R w+1 : \z\ = 1} is the unit TV-dimensional sphere. 

- S£ = 02, • ■ • , 0JV+i) € § w : 0i > 0} := § w fl K? +1 . 

- dS denotes the volume element on iV-dimensional spheres. 

- dS' denotes the volume element on (N — l)-dimensional spheres. 



Let P 1 > 2 (R^ +1 ;i 1 - 2a ) be the completion of C C °°(]R+ +1 ) with respect to the norm 

.1/2 



NIZ>1,2(R" + I ;t l-2 S) 



/ t l - 2s \Ww(t,x)\ 2 dtdx 



We recall that there exists a well defined continuous trace map Tr : 2? 1,2 (R+ +1 ; t 1 2s ) — > T> S,2 (R N ), 
see e.g. [2]. 

For every u G V S ' 2 (R N ), let U(u) G O 1 ' 2 ^" 1 " 1 ; t l ~ 2s ) be the unique solution to the minimiza- 
tion problem 

(15) / t l - 2s \VH(u)\ 2 dtdx 

Jr1 +i 

= min{ f t 1 - 2s \Vv\ 2 dtdx:veV 1 < 2 (M. 1 l +1 -t 1 - 2s ), Tr{v)=v\. 
By Caffarelli and Silvestre [4] we have that 

(16) / t x - 2s VH{u) ■ \7ipdtdx = K s {u,TT!p) Vs ,2 {m N ) for allip eV 1 ' 2 (R 1 l +1 ;t 1 - 2s ), 

where n s is defined in (11). 

We notice that combining (9), (15), (16) and (8), we obtain the following Hardy-trace inequality 

(17) k s A Ns [ (^) 2 ( x ) d x ^ f t l ~ 2s \Vv\ 2 dtdx, for all « e ©^(R^ 1 ;* 1-2 ') 
and also the Sobolev-trace inequality 

(18) K s S*Ar :S ||Trw|| 2 2 . (s)(RN) < J i t 1 - 2s |V«| 2 dtdx, for all v G r D 1 ' 2 (R 1 ^ +1 ]t 1 ~ 2s ). 

2.1. Separation of variables in the extension operator. For every R > 0, we define the space 
H 1 (B^;t 1 ^ 2s ) as the completion of C°°(B^) with respect to the norm 

.1/2 



i 1_2s ^|Vty(i,a;)| 2 + w 2 {t,x)^dtdx 



By direct calculations, we can obtain the following lemma concerning separation of variables in 
the extension operator. 

Lemma 2.1. If v G H 1 (B^;t 1 - 2s ) is such that v(z) = f{r)ip(8) for a.e. z = (t,x) G R+ +1 , with 
r = \z\ < R and = A G S N , then 

div(^- 2s Vt.(z)) = -L(r N+1 - 2 *f'y0l- 2 'm +r- 1 - 2s f(r)div s .(9 1 1 - 2s V s .m) 

in the distributional sense, where 9\ = - = • ei with ei = (1,0,..., 0), divgw (respectively V§™ ) 
denotes the Riemannian divergence (respectively gradient) on the unit sphere ^ N endowed with the 
standard metric. 
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Let us define H 1 (E> 1 ^;9l~ 2s ) as the completion of C°°(S+) with respect to the norm 
HV'll ffl( s ?;e j--) = (^^- 2s (|Vs^V'W| 2 +V' 2 W)^ . 

We also denote 

L 2 (S£;0 1_2s ) := |^ : §+ -> R measurable such that f S N&l~ 2s i> 2 (0) dS < +oo|. 
The following trace inequality on the unit half-sphere holds. 
Lemma 2.2. There exists a well defined continuous trace operator 

H^+^i" 28 ) -> i 2 (^) = l 2 ^- 1 ). 

Moreover for every ip £ i? 1 (S^; ^J -2 *) 

f / |V(^')I 2 ^') «S f^^) 2 / fli- 2 *|VW| a d5+ / ^- a "|V s ^^(fl)| 2 dS. 

VJS"- 1 ) \ A J J S N JgN 

where dS' denotes the volume element on the sphere § N_1 = — {(6i,9') £ : 6\ =0}. 

Proof. Let ip £ C°°(Etf) and / £ C c °°(0,+oo) with / ^ 0. Rewriting (17) for v(z) = f(r)ip(6), 
r = \z\, = •A, we obtain that 

K.A,v.^' | ' X Z- 1 - 28 / 2 (r) dr) ( i |V(0, 0')| 2 dS' 

< ( J q +0 ° r N +^\f(r)\ 2 dr) f^l W| 2 ^ 

+ °° r Ar - 1 - 2s / 2 (r) dr) ^- 2s |V s? VWI 2 dS 
and hence, by optimality of the classical Hardy constant, see [16], 
k„A n J [ \ij(Q,e')\ 2 dS' 

<( f fi-*W)\ 2 dS) inf Jo™ rN+1 - 2s \f'(r)\ 2 dr j 12 § M\ 2 dS 

\ 2 / JS~ Js~ + 

By density of C*°°(§^) in if 1 ^; 6»J~ 2s ), we obtain the conclusion. ■ 

In view of Lemma 2.1, in order to construct an orthonormal basis of L 2 (§^; 0]~ s ) for expanding 
solutions to (14) in Fourier series, we are naturally lead to consider the eigenvalue problem (10), 
which admits the following variational formulation: we say that fi £ R is an eigenvalue of problem 
(10) if there exists ip € H 1 ^; 9l~ 2s ) \ {0} (called eigenfunction) such that 

Q(ijj,v)= fj, I e\- 2s ip{9)v(0)dS, for all v £ H X (M.\9\- 2 '), 

where 

Q : 9\- 2s ) x H 1 ^; 9\- 2s ) -> R, 

Q(V>, u) = / ^" 2s V§iv V>((9) • Vu(0) dS - Ak s / Tip(6')Tv(9') dS'. 



By Lemma 2.2 the bilinear form Q is continuous and weakly coercive on J3" x (S^;^ _2s ). Moreover 



»+ ■ 

f l-2s 



the belonging of the weight t to the second Mackenhoupt class ensures that the embedding 
H 1 ^; 9\~ 2s ) £ 2 (§+ ; 6\~ 2s ) is compact (see [7] for weighted embeddings with Mackenhoupt 

weights). Then, from classical spectral theory (see e.g. [21, Theorem 6.16]), problem (10) admits 



(i 
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a diverging sequence of real eigenvalues with finite multiplicity ^i(A) ^ A*2(A) ^ ■ ■ • ^ £tfc(A) ^ 
the first of which admits the variational characterization 



(19) m(\) = mm - 

i>eHi(§»;el- 2 >)\{0} J S N8i 2s ip 2 

Furthermore, in view of Lemma 2.2, we have that 



(20) HiW>-{—2— ) 



To each k > 1, we associate an L 2 (§+; 6»^ 2s )-normalized eigenfunction i/j k £ H 1 ^; 9\~ 2s ) \ {0} 
corresponding to the fc-th eigenvalue /ifc(A), i.e. satisfying 

(2i) Q(1>k,v) = M,W [ e\- 2s MQ)v(e)dS, for all v e F^SM" 28 ). 



In the enumeration yUi(A) ^ M2(A) ^ • • • ^ /Ufc(A) sC • • • we repeat each eigenvalue as many times 
as its multiplicity; thus exactly one eigenfunction ipk corresponds to each index k £ N, k ^ 1. We 
can choose the functions ipk in such a way that they form an orthonormal basis of L 2 (S+ ; d\~ 2s ). 

We can also determine /ii(A) for A £ (0, Ajv>); where Ajv, s is the fractional Hardy constant 
defined in (2). 

Proposition 2.3. For every a £ (0, Af ~ 2a ), we define 

p f A_+2s+2a\ p / N+2s-2q \ 
^V"; * p / jV-2s-2a -j p / jV-2s+2a -j ' 

TTien i/ie mapping a i— > A(a) is continuous and decreasing. In addition we have that 

N-2s\ 2 „ „ / 7V-2s 



/ii(A(a)) = a — I J for all a £ ^0 

Proof. It was proved in [8, Lemma 3.1] that, for every a £ (0, Af ~ 2s ) , there exists a positive 
continuous function $ Q : R^ +1 — > R such that 

{div(t x - 2s V$ Q ) = in 
*« = M^ +a onR 7V \{0} 
_ t i-2s^ =Ks A(a)|x|- 2s $ Q onK w \{0}, 

Moreover $ Q € H 1 (B^; i 1_2s ) for every i? > and is scale invariant, i.e. 

$ Q (rz) = t^ +q $ q (z), forallr>0, 



thus implying that, for all 2 € 



(23) Cl |z|^+« ^$ Q (z) ^c 2 |z|^ +Q , 

for some positive constants ci,C2- It is also known (see for instance [14]) that the map a i— ► A(a) 
is continuous and monotone decreasing. 
We write 

oo . 

In particular, since -01 > 0, by (23) we have, for every r £ (0,R), 

(24) cM^ +a < <(r) < 4|r|^+«, 

for some positive constants c[, c' 2 . Using (22), we have, weakly, for every k ^ 1 and r £ (0, i?), 

f ;V (r w+1 - 2 '(*£) , )'0i- a V*(0) + i- 1 " 8 "** div s » (^- 2s V s » Vfe(^)) = 0, 
lim 9l ^ 0+ ^- 2s V s »^(0) ■ ei = K S A(a) ^(0, 9')$*. 

Testing the above equation with ipi > and using also the fact that > 0, we obtain 
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and hence is of the form 

for some 03,04 € K, where 



N — 2s UN-2s\ 2 iV-2s /N-2s^ 2 



2 



+ Mi(A(a)) and a = W + Ml (A(a)) 



Since the function | | CTfc o ( -r^- ) ^ H 1 (Bj~;t 1 2s ), we deduce that C4 = and thus for every 



r e (0,-R) 



*f(r)=car° 

This together with (24) implies that 



N-2s\ 2 „ ., / AT -2s 



^i(A(a)) = a 2 - ( - — ) for all a £ ( 0, 
as claimed. ■ 

2.2. Hardy type inequalities. From well-known weighted embedding inequalities and the fact 
that the weight t 1_2s belongs to the second Mackenhoupt class (see e.g. [7]), the embedding 
H 1 (B+;t 1 ~~ 2s ) L 2 (B+; t 1_2s ) is compact. It can be also proved that both the trace operators 

(25) H 1 (B+;t 1 - 2s ) L 2 (S+;dl~ 2s ), 

(26) H 1 (B+;t 1 ~ 2s ) L 2 {B' r ) 

are well defined and compact. 

For sake of simplicity, in the following of this paper, we will often denote the trace of a function 
with the same letter as the function itself. 

The following Hardy type inequality with boundary terms holds. 

Lemma 2.4. For all r > and w <E H 1 (B^';t 1 ^ 2s ), the following inequality holds 

^ 1 L ^ * - L H • h J* + (^) L ™* 

Proof. By scaling, it is enough to prove the stated inequality for r = 1. Let 

V (z) = \ z fT L , zeMf^fO}. 

We notice that V satisfies 



(27) - div^-^W) 



(^V f J^ 2s|zrV(2) inR ? +1 \{0}- 



Hence, letting w € C°°{B^), multiplying (27) with and integrating over B^\B^ with S £ (0, 1), 
we obtain 

B+ \ z \ 

„2s r .,,2 r w 2 



t 1 - 2s VV(z)-v(^ 7 )(z)dz- t 1 ~ 2s (VV-v)^-dS+ t x - 2s {VV -v)^dS 
v V J J s + V J s + 

2 r „„2 



2 S ) [ t^h w -^) dz - (^) ( t^dz 
Jb+\b+ M v W V 2 J J B +\B+ M 2 



N - 2s f t^dS-^ll t^ w 2 dS 



2 ./<?+ 2 5 Js 



+ 
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where v(z) = t|t. Since, by Schwarz's inequality 



(28) - (TV - 2s) 



and 



t 1 - 2s — {\'w — )dz 



TV — 2s 



il-2s 



dz 



dz 



t 1 - 2s w 2 dS = 0(S N - 2s ) = o(l) for S -> 0+, 



letting i5->0we obtain the stated inequality for r = 1 and w € C°°(B^ ). The conclusion follows 
by density of C°°(73+) in H 1 (B+; t 1 " 28 ). ■ 

Lemma 2.5. For every r > and w £ H 1 (B^';t 1 ~ 2s ), the following inequality holds 



I/'" 



dx < 



TV -2s 
2r 



t^WdS* + / ^-'••IVwrtfa 



Proof. Let w G C°°( J B+). Then, passing to polar coordinates and using Lemmas 2.2 and 2.4, 
we obtain 

w 2 (0,x) 



K,A 



s^N,s 



2-s 



■ da; = k,A 







JV-l-2s 



w\0, P 6')dS' )dp 



JV-1-2, 







'\V S Nw(pO)\ 2 dS )dp 



AT- 2s\ 2 
2~~ 

TV - 2s 
2r 



t^^dz- 



t 1 ' 2s w 2 dS 



JV-l-2s 



l- JS \V§Nw(pe)\ 2 dS )dp 



JV+l-2s 



dp 



dS I dp 



TV - 2s 
2r 



Js+ Jb+ 



The conclusion follows by density of C°°(B?) in H 1 (B+;t 1 - 2s ). ■ 

The following Sobolev type inequality with boundary terms holds. 
Lemma 2.6. There exists Sn,s > such that, for all r > and iu G H l (B+; t 1 " 211 ), 



\w\ 2 ^ s) dx 



TV - 2s 
2r 



^- 2s u; 2 d5+ / t^Vwfdz 



Proof. By scaling, it is enough to prove the statement for r = 1. Let w G C 00 (S 1 f ) and denote 
by 55 its fractional Kelvin transform defined as «5(z) = \z\~( N ~ 2s ^w(-^2) ■ Some computations (see 
also [9]) show that 



/ t 1 - 2s |Vw| 2 dz+(TV-2s) / t 1 ~ 2s w 2 dS = / t 1 ' 28 ] Vw\ 2 dz, 

Jb+ Js+ Jr^ +1 \b+ 

\w\ 2 dx. 



(29) 

(30) f \w\ 2 "^dx 

In particular the function 



v{z) 



w(z), if z G , 
w(z), if z G K+ +1 \ 5+ 
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belongs to X> 1 ' 2 (M^ +1 ;t 1 - 2s ) ! so that, by (18) wc have 



(31) 



\v\ r(s) dx 



Sn, s k s 7r n+1 



t^lWvfdz. 



From (29), (30), and (31), it follows that 



2*(<0 2 



t^Wwfdz- 



N - 2s 



t 1 - 2s w 2 dS 



ST 



Sn,s k s 

which, by density, yields the conclusion. ■ 

Combining Lemma 2.5 and Lemma 2.6 the following corollary follows. 
Corollary 2.7. For all r > and w E H 1 (B^';t 1 ~ 2s ), the following inequalities hold 

■• 2 N - 2s 



(32) 

and 
(33) 



dx 



2r 



t L -' s w z dS 



^ k s (Ajv, s - A) 



w 



dx 



t l - 2s \\Jw\ 2 dz- k,A 



2* 



dx 



2r 



,l-2s 2 jo 

Ajv.s — A 



H 2 * (s) dx 



(1 + Ajv, s )SjV,s \J B' T 

3. The Almgren type frequency function 
Let R > be such that B' R CC SI and w <E H 1 {B^ l ] i J ~ 2s ) be a nontrivial solution to 



5^ 



(34) 



'div^-^Vw) = 0, 



lim^o+t 1 - 2 ^' 



(t, x) = k s ( i^pjW + hw + f(x, wU , 
in a weak sense, i.e., for all <p <G C^°(B R U -B^), we have that 



in B+, 
on B' 



(35) 



+ 



i 1 2s Vw • V(£> di da; = k s 



B' 



\2s 



+ hw + f(x, w) I dx, 



with s, A, /i, / as in assumptions (2), (3), and (4). 

The main result of this section is the existence of the limit as r — >• + of the Almgren's frequency 
function (see [15] and [1]) associated to w 



(36) Af(r) = 



t l - 2s \\Jw\ 2 dtdx- n s 



A 



|2s 



+ h(x)w 2 + f(x, w)w I dx 



t 1 - 2 ^ 2 dS 



We notice that, by Lemma 2.5, w(0, •) <E L 2 (B' R ; \x\ 2s ) and so the i 1 (0, i?)-function 



r i-» / t 1 2s |Vu>| 2 dS 1 , respectively n-> 



w~ 



dS' 



SB' 



is the weak derivative of the W' L,1 (Q ) i?)-function 

r — > / t 1_2s |Vw| 2 dz, respectively n-> I , da;. 

In particular, for a.e. r € (0,i?), ^ € L 2 (S^; i 1_2s ), where ^ = i^(z) is the unit outer normal 
vector v(z) = ■At. 
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Lemma 3.1. For a.e. r £ (0, R) and every ip £ C°°(Bj~) 

[ t 1 ~ 2s VwV(pdz= ( t^s^-fidS + k s [ ( r-^-w + hw + f(x,w))&dx. 
Jb+ Js+ ov J b ,\\x\ 2s J 

Proof. It follows by testing (35) with Zp(z)r] n (\z\) where T] n (p) = 1 if p < r — K ?y„(r) = if 
p > r, rj{p) = n(r — p) is r — — ^ p ^ r, passing to the limit, and noticing that a.e. r £ (0, R) is a 
Lebesgue point for the L 1 (0, R)- function r H> J s+ t 1_2s ^j(p dS . ■ 

Lemma 3.2. (i) Let r > and V £ L q (B' r ) for some q > For every toj r o > such that 
[0, to) x B' Tq <e £?+ U B' r there exist positive constants A\ > 0, a £ (0,1) depending on 
tg,ro,r, \\V\\li(B' ) such that for every v £ H 1 {B^;t 1 ^ 2s ) solving 

fdiv(t 1 - 2s Vu) = 0, in B+ 

1 — lim t _j. + t 1 " 2 ^ — V(x)v, on B' r , 

we have that v £ C°' a ([0,t ) x B' ) and 

( 37 ) \Mc ^([0,to)xB' ro ) < ^l|l U llifl(B+;tl-2e ) - 

(ii) Let v £ H 1 (B+;t 1 ~ 2s ) n C°' a (B+) for some a £ (0, 1) be a function satisfying 

fdiv^-^Vw) = 0, mB,+ 
|-lim t _>. + t 1_2s v t = #(x, w), on 

w/iere 5 £ C l (B' r x K) and \g(x,p)\ < c(|p| + |p| p_1 ) /or some 2 < p < 2*(s) = c > 0, 

and every x £ B' r and p £ R. Lei ioi^o > swc/i t/iat [0, to) x -Br ^ -^V ■ T^ ew t^ere 
exist positive constants A 2 ,0 depending only on N, p, s, c, r, r$, to, \\v\\ H i, g +. tl -2 S \ and 
hWcHB'^xloAs]) where A 3 = \\ v \\c -"([o,t )xB' rg ), with 13 £ (0,1), such that 

(38) WVxv\\c°,p([o,t )xB' r ) < A 2 , 



(39) \\t ^t\\c^([o,to)xB' ro ) ^ A 2 . 

Remark 3.3. The dependence of the constant A 2 in Lemma 3.2 on \\v\\ H i^ B +. tl - 2B } is continuous; 
in particular we can take the same A 2 for a family of solutions which are uniformly bounded in 
H 1 (B+;t 1 - 2s )nC°> a (B+). 

PROOF. Part (i) and (37) follows from [[19], Proposition 2.4] 



To prove (ii), for h £ R N with \h\ « 1, we set v h (t,x) = < t ^+ h )-< t ^) f or every x e B ' r 



Then we have 

V /2 
V 

V /2' 



div(< 1 - 2s Vw' 1 ) = 0, in B+ 

- lim t ^ 0+ t 1 - 2 ^? = Cfc(a:)« fc + b h , on S' 



where 

g(x,u(0,x + h)) - .g(x,w(0,x)) 

Ch(x) " v(0,x + h)-v(0,x) ^(0,x + /i)^(0,x)}(l) 

with xa being the characteristic function of a set A and 

5(x + /i,w(0,x + h)) - g(x,v(0,x + h)) 
b h (x) = ^ . 

Let A 3 = \\v\\c°:«([o,t )xB> ro )- Then we have 

IMIl~(b; o/4 ) + INU°°(b; o/4 ) < lb P IU«(B; o/a x[o,A 3 ]) + ||Vx5|U»(b^ /2 x[o,^3]), 
for every small h. Applying once again [[19], Proposition 2.4], 

\\v h \\c°.<*ao,t /8)xB> ro/s ) < C(lb ft 'IU°-([o,to/4)x J B; o/J ) + || b h || L o= (b; q/2 )) 

< C|l t; ' l |U 2 ([o,to/2)xB; o/2 ;ti-2-) + C||V5||ioo( B / o/aX [ 0jJ i3]) 
^ C\\'\7v\\ L 2^ ^ xB ,^. t i-2 ! , ) + C\\Vg\\L°°(B' r /2 xto,A 3 ]) 

S$ ^2 
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for every small h. By the Arzela-Ascoli Theorem, passing to the limit as \h\ — > 0, we conclude that 
z ^ V x v(z) G C([0,* /8) x B' ro/a ) and estimate (38) holds for all j3 G (0,a). 

Since the map x >-> g(x,v(Q,x)) G C°'^(B' r , g ), estimate (39) follows from [[3], Lemma 4.5]. ■ 



Lemma 3.4. Let w be a solution to (34) in the sense of (35). Then there exist po > 2*(s) and 
R Q G (0,1?) suc/i ifttrf w G L Po (B+ o ). 

Proof. By (3), there are 5 > and i?a G (0,1?) such that 

(40) (A+ \x\ 2s \h{x)\) ^ X + S < A N>S) forallxGB^. 

Let & > 1. For all L > 0, we define F L (f) = \t\ p if \t\ < L and F L (r) = PL^~ x \t\ + (1 - 0)L^ if 
|t| > L. Put G = ^F L F' L . It is easy to verify that, for all rel. 

(41) tG l (t)^t 2 G' l (t), tG l (t) < (F L (r)) 2 , (l^(r)) 2 < /3G' L (r). 

Let ?7 G C£°(Bft s U 13^ 5 ) be a radial cut-off function such that r\ = 1 in B^, 2 . It is clear that 

C := V 2 Gl(w) G H 1 {B+;t 1 ~ 2s ) and Ft(io) G H^B+^t 1 - 28 ). Using ( as a test in (34), from (40) 
and integration by parts, we have that 

/ t^rflVwfG'^dtdx ~ k s {\ + 5) [ \x\~ 2s if wG L {w)dx 

JB+ JB' 

R s R s 

^-2/ t 1 ^ 2s 7]VwVr]G L (w)dtdx 
Jb% 5 



+ c i] 2 wG L (w)dx + c / rf\w\ 2 * {s) 2 wG L (w)dx, 



for some positive c > depending only on Cf,s,p,N. By Young's inequality and (41), we have 
that, for every a > 0, 



2(fjVw) • (wVj)) Gi(w) 



hence we obtain that 



^^f\V w \ 2 G' L (w) + -\V V \ 2 (F L (w)) 2 , 
l a 



(l-~) ^ i 1_2 V|Vtu| 2 (?i(u;)*da;-K s (A + J) ^ ^^Vio^^) cfe 



I j 1 2 {\wf( s) - 2 + l)wG L (w)dx + - I ^-'"[V^IV*^ 



where we have set ip = Fl(w). Therefore by (41) 

t^rflV^dtdx-KsiX + S) J \x\- 2s {^fdx 



<c/ {\wf {s) - 2 + l){r 1 xl;) 2 dx + - [ t^N^^dbdx. 
JB'. a JBi 



Since |V(r/V)| 2 < (1 + cr)?7 2 1 | 2 + (1 + ^)^ 2 |Vry| 2 , we have that 

■^y * 1 - a *|V(^)| a dtdx-«.(A + <y) / |x|- 2s (#) 2 da; 



/3(1 



s^c/ (|u;| 2 * (s) - 2 + l)(7 ? V) 2 dx + C(c,/3,cr,l? I 5) / t^^dtdx 
Jb'_ 
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for some positive C(c, /3,<r, Rs) > depending only on c, er, Rs, and /3. By Holder inequality and 
Lemma 2.6, we have that 



(\w 



2*(s)-2 



l)(r]ip) 2 dx 



2*(s)-2 

\wf^dx) +\B'\% 



e-^\V(r]i>)^dtdx. 



We deduce that 



(42) A e-^lVirjtp^dtdx- k s {X + S) \x\- 2s (r]iP) 2 dx ^ const / V'^dtdx 



for some positive const > depending only on Cf,s,p, N, /3, a, Rs, where 



A = 



(1 + ^V 1 ~ 2 ) ~ C5jV <* 



\w\ 2 ' (s) dx 



B' n 



\B' Rs \^ 



From Hardy inequality (17), we have that 



A I t l - 2s \V{'nilj)\ 2 dtdx- k s (X + 6) / \x\- 2s (i]i;) 2 dx 
H Jb '«s 



x + s 



A 



N,s J J B 



t^lVivtp^dtdx, 



and, by (40), we can choose (3 sufficiently close to 1 and a, Rs sufficiently small such that 

A - > 0. 



A 



N,s 



C f-^lViri^dtdx^ f-^^dtdx, 



Hence we have that 

C 

for some constant C > depending on /, h, s,p, N, /3, e, w, A, S. From Lemma 2.6 it follows that 

2 

C Sn\\ I \vFL{w)\ r(s) dx Y " ^ f t l - 2s \w\ 2f3 dtdx foralli^O. 
Hence by taking the limit as L — > +oo 
(43) 



\wf 2 '^dx) < J + t^w^dtdx. 



The conclusion follows since P > 1 and H 1 (B+;t 1 - 2s ) ^ L^(B+;t 1 ~ 2s ) for some q > 2, see for 
instance [[7], Theorem 1.2]. ■ 



Remark 3.5. From Lemma 3.4, we deduce that, if w € H 1 (B'^;t 1 2s ) is a weak solution to (34), 
then yjyjj + h + € Lf oc (B' R \ {0}) for some |j < q ^ an d hence, from Lemma 3.2, we 

conclude that w € C 1 o '"(B+ \ {0}), V x v e C° f (S+ \ {0}), and t 1 " 2 ^* € Cf f (B+ \ {0}) for all 
r e (0, R) and some < (3 < a < 1. 



The following Pohozacv-type identity holds. 
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Theorem 3.6. Let w solves (35). Then for a.e. r £ (0,R) there holds 



(44) 



N -2s 



r--* s \Vw\*dz- k s X 



BL F 



2» 



dx 



+ 



J s+ t^\v w \ 2 ds-K s xf dB) ^dS> 



r t 



l-2s 



dw 



dv 



dS 



(Nh + Vh ■ x)w 2 dx + 



hw 2 dS' 



OB' 



+ rn s / F(x, w) dS' - k s / [V x F(x, w) ■ x + NF(x, w)} dx 

JdBL 



and 
(45) 



[ t l - 2s \Vw\ 2 dz- k s \ { j^C-dx 
Jb+ Jbl M 2s 



, dw 
dv 



dS + K s I hw 2 + f(x, w)w I dx. 



in B+ 



Proof. We write our problem in the form 

fdiv^-^Vu;) = 0, 
1 — lim t _ >0 + t 1 ~ 2s w t = G(x, w), on B' R , 

where G £ C l {B' R \ {0} x R), G(x, g) = K s {j^Q + h(x)g + f(x, g)). 



We have, on B R , the formula 



(46) div ( -t L ~ zs \Vw\ z z - t L ~ zs (z ■ Vw)Vw 



N -2s !_ 



t x ~ 2s \Vw\* - (z ■ Vw) dW(t x -'" s Vw). 



l-2st 



Let p < r < R. Now we integrate by parts over the set Os := (B+ \ Bp) n {(t, x), t > S} with 
5 > 0. We have 



N- 2s 



[ t l - 2s \Vw{z)\ 2 dz = --8 2 - 2s [ 
J Ox 2 J B i 



>o s 

+ s 2 - 2s 



\Vw\ 2 (S, x)dx 



v/r2-i2 X VP 2 -* 2 



B' , \B' , 



\wt\ 2 (S, x)dx 



S+n{t>8} 
S+n{t><5} 



t 1_a, |Vu;| a dS- 



t L 



s+n{t>8} 



dw 



P - [ t^VwfdS + p f t x - 2s 

2 Js2n{t>8} Js+nft>s\ 



dv 
dw 



dv 



dS 



dS 



B' , \B' 



(x ■ \7 x w(5,x)) 6 1 2s w t (6,x) dx. 



Vr 2 -5 2 Vp 2 -« 2 

We now claim that there exists a sequence 6 n — > such that 



lim 

n— f oo 



-8 2 ~ 2s 
2 ™ 



\Vw\ z (d n ,x)dx + S^- 2s / m 2 (<5„,a;)da; 



If no such sequence exists, we would have 
1 



lim inf 

5->o 



r2-2s 



\Vw\ z (S,x)dx + 5' 



2-2s 



and thus there exists Sn > such that 



1 



\Vw\ 2 (5,x)dx + 5 2 



|u^| 2 (<5, x)dx 



C 



> C > 



\w t \ (5,x)dx > — for all <5 £ (0, So). 



B' r 
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It follows that 
1 



2 



\Vw\ 2 (S,x)dx + S 1 



\w t \ 2 (5,x)dx^ — for all 8 e (0, S ) 

B> 2d 



and so integrating the above inequality on (0, So) we contradict the fact that w £ H 1 {B^ i )t 1 2s ). 
Next, from the Dominated Convergence Theorem, Lemma 3.2 and Remark 3.5, we have that 



lim 

<5-s-0 



(x ■ V x w(5, x)) 5 w t (5,x)dx 



(x ■ V x w) G{x, w) dx. 



B',.\B> 



We conclude that (replacing Os with Og n , for a sequence S n —> 0) that 
N- 2s 



(47) 



t l - 2s \Xtw{z)\ 2 dz 



2 J.q+ 



[ t l ~ 2s 


dw 


1st 


dv 



t L " 2s \Vw\ A dS - p / t 



2 A+ 

Furthermore, integration by parts yields 



il-2s 



dw 



dS 



dS 



(x ■ V x u>) G(x, w) dx. 



B' r \B' p 



(48) 



B' V \B< 



(x ■ V x w) G(x, w) dx 



N-2s 



KqX 



-dx 



B' r \B> 



2 



B'r\B'„ 



(Nh(x) + V/i(x) • x)w 2 dx + k s \- 



■dS' 



h(x)w 2 dS' — k s X— 

dBL 2 



3B;, F. 

[V x F(x, w) ■ x + NF(x, w)} dx 



^rdS' 

2s 2 



dB' r Fl 

pn s 



h{x)w 2 dS' 



OB' 



B' r \B> 



+ rn s / F(x 7 w) dS' — pn s / F(x,w)dS' 



SB' 



SB' 



Since w S H (BJ,; t ), in view of Lemma 2.5 and (8), there exists a sequence p n — > such that 

,,,2 



lim /9 ra 



-dS' 



dB> Fl 



OB' 



\F{x,w)\dS' 



= 0. 



Hence, taking p = p n and letting n . — >• oo in (47) and (48), we obtain (44). 
(45) follows from Lemma 3.1 and density of C°°(bJ) in H 1 (B+; t 1 " 28 ). 

For every r £ (0, R] we define 



( 49 ) D(r) = 



t^~ 2a IVuil 2 dt dx — K f 



b> VF 



2.s 



w + hw + f(x, w) I dx 



and 
(50) 



H(r) 



r N+l-2s 



Lemma 3.7. H e C^O,^) and 



(51) 
(52) 



H'(r) 



r N+l-2s + 



( t 1 ~ 2s w 2 dS= { 6\- 2s w 2 {rQ)dS. 
J3+ Js'Y 



t 1 2s w^- dS, for every r E (0, R), 
av 



H'(r) — —D(r), for every r G (0,R). 



Proof. Fix r € (0, R) and consider the limit 



(53) 



lim 

r-J-ro r — Tq 



i — s-r J s n 



lim / e 



,i-2s Wr0)\ 2 -\w(r o e)\< 
r -r 



dS. 
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Since w £ C 1 (R^ +1 ), then, for every 6 £ §V, 



(54) 



,. \w(r8)\ 2 - \w(r 6)\ 2 dw , n . . , 

r-s-ro r — To OV 

N 



On the other hand, for any r £ (tq/2, R) and 9 £ we have 



Kr0)| 2 -Hr o #)p 



r - r 



^ 2 sup |w| ■ sup 

B R \B ra B + \B+ 



<9u> 



^5 2 sup |m| ■ sup 

b r\ b H) B n\ B n> 









W x w ■ x 




( 


Ti Wt 


+ 




) 




\z\ 




M 





T 2 

and hence, by (53), (54), Lemma 3.2 and the Dominated Convergence Theorem, we obtain that 



Bid 9 
H'(r ) = 2 / 0l~ 2s — (r 9) w(r 6)dS(6) = 

ov r 



t^w^dS. 
ov 



The continuity of H' on the interval (0, R) follows by the representation of H' given above, Lemma 
3.2, and the Dominated Convergence Theorem. 
Finally, (52) follows from (51), (49), and (45). ■ 

The regularity of the function D is established in the following lemma. 
Lemma 3.8. The function D defined in (49) belongs to W { oc (0, R) and 



(55) D'(r) =- ww _ 



2 s 



t 



r N+l-2s 



r 



N-2s 



OB' 



-p— dS — k s f ( sh + —CVh ■ x)]w 2 dx 
ov J B , r V 2 / 

((N - 2s)f(x, w)w - 2NF{x, w) - 2\7 x F(x, w) ■ x) dx 
2F{x,w) - f{x,w)w) dS' 



in a distributional sense and for a.e. r £ (0,i?). 
PROOF. For any r £ (0, r ) let 



(56) I{r)= t \\7w\ dt dx — k 



b> VF 



2.s 



w + hw 2 + f(x, w)w I dx 



From the fact that w £ H l (B^] t 1_2s ), Lemma 2.5, and (8), we deduce that I £ W x ' l {Q,R) and 
(57) I'(r)=[ t^lVwl 2 dS - n s [ ( -r^-w 2 + hw 2 + f(x,w)w) dS' 

JS+ JdB' r \\ x \ * J 

for a.e. r £ (0, R) and in the distributional sense. Therefore D £ W^(0,R) and, using (44), (56), 
and (57) into 

D'(r) = r 2s ~ 1 - N [-{N - 2s)J(r) + rl'(r)], 
we obtain (55) for a.e. r £ (0,R) and in the distributional sense. ■ 

Before going on, we recall that w is nontrivial and satisfies (35). We prove now that, if w ^ 0, 
H(r) does not vanish for r sufficiently small. 

Lemma 3.9. There exists Rq £ (0, R) such that H(r) > for any r £ (0, Rq), where H is defined 
by (50). 



Proof. Clearly from assumption (2), there exists Rq £ (0,R) such that 

2*(s)-p «(2*( 3 )-p) 

(58) 



+ ^ + C f S^ s (^)WR^^\\ W \\l-J {s){B , Rg) < 1, 



Ajv,s Ajv,s 

where ljn-i denotes the volume of the unit sphere S^ -1 , i.e. Wjv— l = /§jv-i dS. 

Next suppose by contradiction that there exists ro £ (0, Rq) such that H(ro) = 0. Then w = 
a.e. on S£ . From (45) it follows that 

,,,2 



t 1 ~ 2s \Vw\ 2 dz — k s X 



B> F 

"0 



2.s 



h(x)w + f(x,w)w \ dx = 
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Prom Lemma 2.5, assumptions (3)-(4), Holder's inequality, and (8), it follows that 

,2 







1 - 



X C/j-Rq 



w 



dx — k s / I h (x) w + f(x,w)w I dx 



2*(s)-p N(2'( s )-p) 

- C f S N ^(^)-^rR^^\\w^- 2 



which, together with (58), implies w = in by Lemma 2.4. Classical unique continuation 
principles for second order elliptic equations with locally bounded coefficients (see e.g. [24]) allow 
to conclude that w = a.e. in B B , a contradiction. ■ 

Letting Rq be as in Lemma 3.9 and recalling (36), the Almgren type frequency function 

D(r) 



(59) 



Af{r) = 



H{r) 



is well defined in (0, Rq). Using Lemmas 3.7 and 3.8, we can now compute the derivative of Af. 
Lemma 3.10. The function Af defined in (59) belongs to (0, Rq) and 
(60) Af'{r) = vi(r) + u 2 (r) 

in a distributional sense and for a.e. r £ (0,Rq), where 



2r 



(61) v x (r) = - 

(ls+ tl ~ 2s ™ 2 dSJ 

and 

J B , (2sh + Vh ■ x)\w\ 2 dx r J gB , (2F(x, to) - f(x, w)w) dS' 

(62) V2{T) = K * r fs+ti-fvfidS + Ks ' J s +t^ w 2 dS 

J B , ((N - 2s)f(x, w)w - 2NF(x, w) - 2\7 x F(x, w) ■ x) dx 

+ Ks ~ / s + t 1 - 2 ^ 2 ds ■ 

Proof. From Lemmas 3.7, 3.9, and 3.8, it follows that TV € W^(0,R ). From (52) it follows 
that 



Af'(r) = 



D'(r)H(r) - D(r)H'{r) D'{r)H{r) - \r(H'(r)) 2 



(H(r)) 2 (H(r)) 2 
and the proof of the lemma easily follows from (51) and (55). ■ 

We now prove that Af(r) admits a finite limit as r — > + . To this aim, the following estimate plays 
a crucial role. 

Lemma 3.11. Let Af be the function defined in (59). There exist R £ (0,i?o) and a constant 
C > such that 



(63) / £ 1 - 2s |Viy| 2 dtdx- k s [ 



X 



2.s 



w 2 + hw 2 + f(x, w)w I dx 



> - 



N -2s 
2r 



bl VFI 

t 1 ~ 2s w 2 dS + C 



dx 



\w\ T( - s) dx 



5^ 



(64) 



and 
(65) 



e-^NwV dtdx 



X 



2.s 



w + hw + f(x, w)w I dx 



N -2s 
2r 



t 1 ~ 2s w 2 dS + C I t l ~ zs \Vw\ z dtdx, 



l-2s\ 



Af{r) > 



N-2s 
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PROOF. From Corollary 2.7, (3), and (4), it follows that 

A 
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|2s 



+ hw + f(x, w)w I dx + 



j dx + 


(N-2s\ 










V 2r J 


Js+ 



t 1 ~ 2s w 2 dS 



; ^(An, s -x) _ ChKsr( 



2 



■ dx 



A 



2(1 + A JV , S )5 JV) . 



|u.| 2 * (s) 



for every r £ (0,i?o)- Since A < Ajv s , from the above estimate it follows that we can choose 
R G (0, Rq) sufficiently small such that estimate (63) holds for r G (0, R) for some positive constant 
C > 0. The proof of (64) can be performed in a similar way, using Lemmas 2.5 and 2.6. Estimate 
(63), together with (49) and (50), yields (65). ■ 



Lemma 3.12. Let R be as in Lemma 3.11 and V2 as in (62). Then there exist a positive constant 
C\ > and a function g G L 1 (0,i?) ; g ^ a.e. in (0,R), such that 



Mr) | < Ci 
for a.e. r G (0,i?) and 



Af(r) + 



g(p) dp < 



N -2s 



1 — a 

2 



|P(l-«) N[ 
\LP(B'} ' 



PC) / 



/or a/Z r G (0, R) with some a satisfying - < a < 1. 
PROOF. From (3) and (63) we deduce that 



(2s/i(x) + Vh(x) ■ x)\w\ 2 dx 



sC 2C h r £ 



w 



dx 



\D(r) + Z^&H(rj\ , 



'b; Fl 

„£+iV-2s 



and, therefore, for any r G (0, R), we have that 
f R , (2sh(x) + Vh(x) ■ x)\w\ 2 dx 

(66) 



J s+ t 1 - 2 ^ 2 dS 



i D(r) + Z^H(r) 

< 2C h C r - 1+E — ' 



2C h C r 



N{r) 



H{r) 
N -2s 



By (4), Holder's inequality, and (63), for some constant const = const (N, s, Cf) > depending 
on N, s, Cf, and for all r G (0, R), there holds 



((N - 2s)f(x, w)w - 2NF(x, w) - 2V x F(x, w) ■ x) dx 
< const / (\w\ 2 + \w\ 2 ' {s) )dx 

2s(p -2* (s» 



( (^vv 2s +iiu^; ( 47 ( k) 



AT 



^ COnSt /^CJjV-l^N" 2s 



N 



2a(p -2'(s 



|,2*( S )-2 \ JV-2.S 



[D(r 



^H(r) 
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and hence 

J B , ({N - 2s)f(x, w)w - 2NF(x, w) - 2V x F(x, w) ■ x) dx 



(67) 



2er(pn-2*(s)) 

COIlSt ( fW N -i \ 7v _ B^M , fU N -l\ WjTo .. „2*( s )-2 \ _ 1+ a»(P0-' (»» , . N _ 2g . 



C 



N 



r po 



N 



\Lpo(B> .) 



[Af(r) + 



Let us fix - < a < 1. By Holder's inequality and (63), 



(68) 



\ p dx 



\w\ p <* \w\ a dx 



\wf {s) ^W^dx 

o2*(s)- 
/WjV-lN 2*(») 

V TV / 



2*( = ) 



po AM ° 2 J ' I HPa-2 r 



[D(r) + ^H(r)] 



Af(r) 



N -2s 



f-'^w 2 dS 



for all r e (0, R), where /3 = ^( "^i^" 2 - £ |^) > 0. From (4), (68), and (65), there exists some 
const = const (TV, s, Cf) > depending on N,s,Cf such that, for all r G (0, i?), 



(69) 



rJ dB , (2F(x,w) - f(x,w)w) dS> 



J s+ t 1 - 2 ^ 2 dS 



sS const 



const /ojjv_i\jv 



By a direct calculation, we have that 
rf>f dB , \w\ p dS> i 



(70) 



Sb> \ w \ Pdx 



1-a 



d 
dr 



C V N 



\ p dx 



Af{r 



N -2s 



rPf dB ,\ W \PdS' 
(l B > \w\Pdxf 



(3r- 1+f3 ( / \w\ p dx 



in the distributional sense and for a.e. r £ (0,-R). Since 



lim 

r->0+ 



\ p dx 



we deduce that the function 



is intcgrable over (0,-R). Being 



r i— > — I t 

dr 



\ p dx 



1-a 



1+0 f^J \w\ p dxj ° =o{r- 1+p ) 



as r — > + , we have that also the function 



^r- 1+l3 ( / \w\ p dx 



is integrable over (0,-R). Therefore, by (70), we deduce that 

r^ 9B ,\ W \ p dS' 



(71) 



g(r) ■= 



Sb> \ w \ Pdx 



- eL\o,R) 
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and 

(72) o^ [ r g {p )dp^-^—\\w\\^y 

Jo l — a n 

for all r G (0,R). Collecting (66), (67), (69), (71), and (72), we obtain the stated estimate. ■ 

Lemma 3.13. Let R be as in Lemma 3.11 and M as in (59). Then there exist a positive constant 
Ci > such that 

(73) JV(r) < C 2 
for all r G (0,R). 

Proof. By Lemma 3.10, Schwarz's inequality, and Lemma 3.12, we obtain 

(74) (Af+^^j\r) > v 2 {r) > -C, [^(r) + 
for a.e. r <G (0,R). Integration over (r, R) yields 



p " + 9\ r ) 



for any r € (0, R), thus proving estimate (73). ■ 
Lemma 3.14. The limit 

7 := lim A/Yr) 

r->0+ 

exists and is finite. 

Proof. By Lemmas 3.12 and 3.13, the function v 2 defined in (62) belongs to L 1 (0, R). Hence, by 
Lemma 3.10 and Schwarz's inequality, J\f' is the sum of a nonncgativc function and of a L^function 
on (0,.R). Therefore 

Af(r) = Af(R) - / N'{ P )dp 

J r 

admits a limit as r — > + which is necessarily finite in view of (65) and (73). ■ 
The function H defined in (50) can be estimated as follows. 

Lemma 3.15. Let 7 := lim. r _ >0 + ■A/"(r) be as in Lemma 3.14 and R as in Lemma 3.11. Then there 
exists a constant K\ > such that 

(75) H{r) K ir 21 for all r G (0, R). 

Moreover, for any a > there exists a constant $£2(0-) > depending on a such that 

(76) H(r) > K 2 (a) r 2l+a for all r G (0, R). 

Proof. By Lemma 3.14, J\f' G L 1 (0,f) and, by Lemma 3.13, J\f is bounded, then from (74) and 
(72) it follows that 

(77) Af(r) -1=1 M'{p) dp > -C 3 r 5 



for some constant C3 > and all r G (0, R), where 

(78) , _ ^ L ^ - n») , N (^l - u > 0. 

I Pa V 2 s ) Po 

Therefore by (52), (59), and (77) we deduce that, for all r G (0,R), 

H'(r) 2N(r) 2 7 1+s 
H{r) r r 

which, after integration over the interval (r, R), yields (75). 
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Since 7 = lim r ._ J . + Af(r), for any a > there exists r a > such that jV(r) < 7 + er/2 for any 
r G (0, tv) and hence 

-H(r) r r 

Integrating over the interval (r, r CT ) and by continuity of if outside 0, we obtain (76) for some 
constant K 2(0") depending on o\ ■ 

4. The blow-up argument 

The main result of this section, which also contains Theorem 1.1, is the following theorem. 

Theorem 4.1. Letw satisfy (35), with s,A, ft., / as in assumptions (2), (3), and (4). Then, letting 
jV(r) as in (^oy 1 , tftere f/iere exists kg e N, fco ^ 1, sucft. iftai 



iV-2s UN-2s^ 2 



(79) i ]to,^ (r ) = ___ + j WA). 

Furthermore, if 7 denotes the limit in (79), m ^ I is the multiplicity of the eigenvalue /i JO (A) = 
Mj +i(A) = ••• = ^ +m-i(A) and WJ^T" 1 (jo *S k < j + m - 1) is an i 2 (§^ ; 6\- 2s )- 
orthonormal basis for the eigenspace of problem (10) associated to //fc (A), then 

jo+m-l 

t~~<w(t0)^ Mii e ) mC°' Q (§^) asr^0 + , 

jo+m-l 

r-Tw(O,T0')^ Pi^ii ' 6 ') inC 1 ' a (S N - 1 ) as r -S- 0+ 

and 

jo+m-l 

r 1 -T , V a «;(0,Tfl')-> ]T a( 7 ^(O,0')^ + V s «- 1 ^(O,-)(^')) mC'l^ 1 ) as r -> 0+, 
/or some a € (0, 1), where 

p t = R-~<[ e\- 2s w{R9)i; l {e)dS{e) 



+ 



gN-1 



* ft(^>(0, #0 + w(0, t0')) ^ 2s _ 7 _ 1 _ P+ jV - 1 







2 7 + TV - 2s V i?2 7 +N-2 



^(0,0') dS{&), 



for allR>0 such that B' R = {x G : |x| < f?} c O and (p jo ,p jo+1 , . . . ,p jo+m _t) ^ (0, 0, . . . , 0). 

To prove Theorem 4.1, we start by determining the asymptotic profile of blowing up renormalized 
solutions to (34). 

Lemma 4.2. Let w as in Theorem J^.l. Let 7 := lim r _ > .o+ N{f) as in Lemma 3.14- Then 

(i) there exists k a G N, k ^ 1, such that 7 = -^r 1 + \J (-^j^) 2 + A*fe (A); 

(ii) for every sequence T n — > + , there exist a subsequence {r nk }ki£tq and an eigenfunction ip of 
problem (10) associated to the eigenvalue /Zfc (A) such that ||V'llL 2 (s Jv e 1_2s ) = an< ^ 

strongly in H 1 (B+;t 1 - 2s ) and in C%£(B? \ {0}) for some a G (0, 1) and all r £ (0, 1) and 

w(0,r nk x) ■ „ ,f x 
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Proof. Let us set 
(80) 



w T (z) 



w(tz) 

7W) 



We notice that J s+ t 1 2s \w T \ 2 dS = 1. Moreover, by scaling and (73), 



(81) 



t L ~ Zs \Vw T {z)[ i dz- k s 



^K| 2 + r 2s M^)KI 2 



f(rx, ^H{T)w T ^w T ^j dx = Af{r) C 2 



for every r € (0,i?), whereas, from (64), 



(82) W(t) ^ 



-N+2s 



H(r) 



N -2s 
2t 



t 1 ~ 2s w 2 dS + C / t^lVwl 2 dtdx ) 



Br 

N — 2s ^ 



C f t 1 ~ 2s \Vw T {z)\ 2 dz 

J Bt 



for every r € (0, R). From (81) and (82) we deduce that 

(83) { wT }re(Q,R) is bounded in H 1 {B+;t 1 - 2s ). 

Therefore, for any given sequence r„ — > + , there exists a subsequence r nk — > + such that 
w T n fe _^ weakly in H 1 (B^; £ 1 ~ 2s ) for some w <G H 1 (B^\ t 1_2s ). Due to compactness of the trace 
embedding (25), we obtain that J s+ t 1 ~ 2s \w\ 2 dS = 1. In particular w ^ 0. 

For every small r € (0, i?), u> T satisfies 

'div(t 1 " 2s Vw T ) = 0, inB+, 
lim t ^ 0+ t 1 - 2 *^ = ^y^w- +T 2s h{ T x)w T + ^=y/(™, ^/W(?jw T )), on B[, 

in a weak sense, i.e. 



(84) 



(85) 



t L - Zs Vw T ■ Vfidtdx 



Ks L {w wT + r2sh ^ wT + TmfiK™' y fW ^) wT ) ) £(°> =0 dx 



for all <p € H (B±;t ) s.t. <y9 = on S5: and, for such £>, by (4) and Holder's inequality, 

T 2s 

(86) 



fCrx, v / H{T)w T (0,x)^lp(0,x)dx 



^C f r 2s I \w{0,Tx)\ p - 2 \w T {0,x)\\v(0,x)\dx 



< C f\\ ^V\\lv{B[)\\w T \\ L p{B[)\\w\\ L p{B' t ) 

and, by (3) and Lemma 2.5, 



2 (iV-2s)(2*( s )-p) 

t p = o(l) as t — ^ 



(87) r 2s 



h(rx)w T <p{0, x) dx 



t 1 - 2s \Ww T {z)\ 2 dz + 



N- 2s 



1/2 



\V2 



^"^IV^z)! 2 ^ =o(l)asT^0 + . 



From (86), (87), and weak convergence w Tn k w in H 1 (B^;t 1 2s ), we can pass to the limit in 
(84) along the sequence r nk and obtain that w weakly solves 

fdiv^-^Vw) = 0, in B+ , 

\-lim t _ >0+ t 1 - 2s ^=K SJ ^w, onB[. 



(88) 
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From (4), letting q = > j- with po as in Lemma 3.4, we have that 



r2s 



f(TX,y/H{T)w r (x)) 



w T (x) 



«S CfT 



2 s- 



\w{x)\ Po dx 



i/'l 



O(l) 



as r — > + . Therefore from Lemma 3.2 part (i) there holds 

w^->w in C°' e °(i+\ {()}), 
while Lemma 3.2 part (ii) and Remark 3.3 imply that 



(89) 



V x w T " fc — > V x w, and t 



l-2s 



dw T " 
dt 



1 ~ 2S ^ \{0}) 



for some a £ (0, 1) and all r £ (0, 1). Reasoning as in (86), (87), we can prove that 



(90) 

and 
(91) 



J f (tx, v / H(t)w t ^w t dx = o(l) as r -> H 



.2* 



/i(ra;)|w T | 2 dx = o(l) as r -> H 



Multiplying equation (84) with w T , integrating in B+, and using (89), (90), (91), we easily obtain 
that \\w T "k ||jji( B +. t i-a«) — > ll^lljji(B+;t 1 - 2s ) ^ or an r e (^i •"•)' an d hence 
(92) w T ^^w mH 1 {B+-t 1 ~ 2s ) 

for any r £ (0, 1). 

For any r € (0,1) and k £ N, let us define the functions 



D k (r) 



1 



„N-2s 



[ t l - 2s Nw Tn k\ 2 dtdx- k 3 [ 

JB+ JB' r 

+ /Jt7 j ( T "* x > VH{T nk )w T "Aw r ^ ")dx 
\/H(r nk ) V > ) . 



■\w^\ 2 + T*lh(T nk x)\ W ^f 



and 

Direct calculations yield 
(93) 



H k (r 



1 



t 1 - 2 -|«7 TV »*| 2 rfsr. 



JV+l-2s / , 



■A&M : = = 44^4 = ^(w) for all r € (0, 1). 



fr fc (r) i/(r„ fc r) 
From (92), (90), and (91), it follows that, for any fixed r £ (0, 1), 
(94) D k (r) -> 5(r), 

where 



(95) D{r) 



„N-2s 



t^^W/wl 2 dtdx - k« 



A 



■u) 2 



for all r g (0, 1) 



On the other hand, by compactness of the trace embedding (25), we also have 
(96) H k (r) -> H(r) for any fixed r £ (0, 1), 

where 

1 



(97) 



H(r) = 



r 



N+l-2s 



t'-^w 1 dS. 



From (32) it follows that D{r) > 



N~2s 



H(r) for all r £ (0, 1). Therefore, if, for some r £ (0, 1), 



H(r) = then D{r) > 0, and passing to the limit in (93) should give a contradiction with Lemma 
3.14. Hence H w (r) > for all r £ (0, 1) and the function 



D(r) 
H{r) 
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is well defined for re (0, 1). From (93), (94), (96), and Lemma 3.14, we deduce that 

(98) Af(r) = Urn Af{r nk r) = 7 

k— too 

for all r G (0, 1). Therefore Af is constant in (0, 1) and hence Af'(r) = for any r g (0, 1). By 
and Lemma 3.10 with h = and / = 0, we obtain 

(^J + t 1 ~ 2s ^dS^j-^j J^w 2 dS^j - (^J + t 1 - 2 *«;^dsj =0 for all r g (0,1), 

which implies that w and have the same direction as vectors in L 2 (S^; i 1_2s ) and hence there 
exists a function r\ = r?(r) such that ^-(r,9) = r](r)w(r,9) for all r e (0,1) and 9 g S^. After 
integration we obtain 

(99) u?(r, 0) = eA r "( s ) rfs ™(l, 6») = tp{r)^{9), r g (0, 1), g s£, 

where p(r) = e A r '?W da and -0(f) = w(l,0). From (88), (99), and Lemma 2.1, it follows that, 
weakly, 

f ^■(r JV+1 - 3 V) / «i" a VW +r- 1 - 2 >(r)div s «(^ 1 - 2s V s «^(0)) = 0, 
\-lim ei ^ 0+ ffJ- a 'V sw VW-ei = «.A^(0,fl'). 

Taking r fixed we deduce that is an eigenfunction of the eigenvalue problem (10). If /^fc (A) is 
the corresponding eigenvalue then <p(r) solves the equation 



(r ^ + i- av y_ Mfco(A)r -i-2 V(r)=0 



i.e. 



7V+1-2S , Mfco(A) , , _ 
V W + <P —Vir) = 



and hence ip(r) is of the form 
for some Ci, C2 € R, where 



N-2s fN — 2s 



+ fx ko (A) and a ko = - 



N- 2s 



N -2s 



Mfco(A)- 



Since the function \x\ ak oip(-&) <£ L 2 {B[] \x\- 2s ) and hence | ^ | ""^o -0 ( -jfr ) i H l (B+ ;t 1 - 2s ) in virtue 

of Lemma 2.5, we deduce that C2 = and (p(r) = c\r ak a . Moreover, from ip(l) = 1, we obtain that 
Ci = 1 and then 

(100) w(r, 9) = r CT *o ip{d), for all r g (0, 1) and 0£§f. 

It remains to prove part (i). From (100) and the fact that J sN 9]~ 2s ip 2 (9)dS — 1 it follows that 



D(r) 



1 



„N-2s 



BL \ x 



2 s 



w 2 da; 



Jo 

i JZs-N ( r JV-1-2s+2ct+ 



(<) 2 +Mfco(A) 2CT + 



iV-2 S + 2a+ 



+ 2 °t 
t "a = a, r k o 

fcn 



and 



H{r) = I 9 L 1 -' Zs w 2 {r9) dS = r 2 ° k o , 



and hence from (98) it follows that 7 = M{r) = -S^ = er+ . This completes the proof of the 
lemma. ■ 
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The following lemma describes the behavior of H(r) as r —> + . 

Lemma 4.3. Let w satisfy (34), H be defined in (50), and let 7 := lim r ,_ >0 + A/"(r) as in Lemma 
3.14- Then the limit 



lim r 27 i7(r) 

r->0+ 



exists and it is finite. 



Proof. In view of (75) it is sufficient to prove that the limit exists. By (50), (52), and Lemma 3.14 
we have 

— W- = -2 7 r" 2 ' 1 '- 1 ff(r) + r-^H'lr) = 2 r - 2 ^ 1 (D(r) - 7 #(r)) = 2 r - 2 '>- 1 H(r) [ N 1 '(p)dp. 
dr r 2 T J Q 

Integration over (r, R) yields 

H(R) H(r) rA / rp 



(101) 



J 2s-^- x H{p) (f\ 1 {t)dt\ d P + J 2p-^- 1 H{p) (J\{t)d^j dp 

where v\ and are as in (61) and (62). Since, by Schwarz's inequality, v\ ^ 0, we have that 

lim r ^ + J r 2p~ 2l ~ 1 H{p) (Jq ui(t)d£) dp exists. On the other hand, by (75), Lemma 3.12, and 
(73), we deduce that 

< K X ci(<h + r (t-^ + t-^-^f^ +gi t)) dt 



p-^-'Hip) (f'MWt) 

2s(p -2*(s). 

/jsr<(r< 1 N-2s ^ _ x ( p e p p vo 1 M p(l-a) JV ( "ffijr 2 ~ — ) 

< K &t& + —2-)P {T + 2 S ( P0 -2*(s)) + — M ^4 P { " P ° ) 



for all /J G (0, i?), which proves that p 27 1 H{p) (J P i/2(t)dt) G L 1 (0, i?). Hence both terms at the 
right hand side of (101) admit a limit as r — > + thus completing the proof. ■ 

From Lemma 4.2, the following pointwise estimate for solutions to (1) and (35) can be derived. 

Lemma 4.4. Let w satisfying (35). Then there exist C±,Cs > and f G (0,i?) such that 

(i) sup s + H 2 < ? , w £ 4 _ 23 f s + t 1 - 2s |w(z)| 2 d5 /or every < r < f, 

(ii) |w(z)| ^ C 5 l^l"*' for all z G Bf and in particular \w(0,x)\ ^ C 5 Itcl -7 for all x G _Bp, where 
7 := lim r _ > o+ A/"(r) is as in Lemma 3.14- 

Proof. We first notice that (ii) follows directly from (i) and (75). In order to prove (i), we argue 
by contradiction and assume that there exists a sequence r„ — > + such that 

Kt')I* 



sup 



with H as in (50), i.e. 



xeS+ /2 • )s t/2 



sup \w(T n z)\ 2 > 2 N+1 - 2s n I t 1 ~ 2s w 2 (T n z)dS, 
i.e., defining w T as in (80) 



(102) sup \w T "(z)\ 2 > 2 N+l - 2s n / t^ 2s \w r " (z)\ 2 dS. 

x6S+ a -^+ /2 

From Lemma 4.2, along a subsequence r n( . we have that w r " fc -> M 7 </>(^) in C%£{S+ /2 ), for some 
V> eigenfunction of problem (10), hence passing to the limit in (102) gives rise to a contradiction. ■ 

We will now prove that lim r _ i .o+ r~ 2 ~< H(r) is strictly positive. 

Lemma 4.5. Under the same assumption as in Lemmas 4-3 and 4-4> we have 

lim r- 2l H(r) > 0. 

r->0+ 
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Proof. For all k > 1. let ipk be as in (21), i.e. Vfe is a £ 2 (§+ ; 6*;[~ 2s )-normalizcd cigenfunction of 
problem (10) associated to the eigenvalue ^tfc(A) and {ipk}k is an orthonormal basis of L 2 (S>+; 6\~ 2s ). 
From Lemma 4.2 there exist joi m € N, jo, to ^ 1 such that to is the multiplicity of the eigenvalue 
Mjo( A ) = Mjo+i( A ) = • • ■ = /i J0+m _i(A) and 



(103) 7 = ^m-^M = ~ — 2 + J ( N 2 2S ) + » = jo, • • • , Jo + m - 1. 



Let us expand u> as 

u>(z) = u>(t6») = ^ fk(T)lpk(6) 



oo 



fc=l 



where t = \z\ e (0,R], 9 = z/\z\ € and 



(104) <Pk(r)= el~ 2s w(T9)M0)dS. 
The Parscval identity yields 

^ oo 

(105) H{t)= 6\- 2s w 2 {T6)dS = V >^(r), for all < r < fl. 

In particular, from (75) and (105) it follows that, for all k ^ 1, 

(106) ^(t)=0(t 7 ) asr^0+. 
Equations (35) and (21) imply that, for every k, 

-cfikiV <Pfc T + — — <Pk{ T ) = Ck(T), m (0,R , 

T T 

where 

(107) a(r ) = _^_y^ i (/ l (re / )K;(O,r0') + /(^ / ^K)))^(O^ / )^ / - 
A direct calculation shows that, for some c^,C2 € K, 

(108) Mr) = U+ — -C fc (t) dt + c| + / — + dt 

where 



N — 2s fN-2s\ 2 , N — 2s //iV-2s x2 



(109) ^ = 2— + y 1^^— J + Mfc(A) and a k = — - ^ ( —5— ) + ^(A). 

From (3), (4), Lemma 4.4, (103), and the fact that, in view of (20), 



(N- 2s)(2*(s) -p) , s fN-2s\ 2 
2 S +(p-2) 7 = ^ A 2 1 ' +ip - 2) y{-^—) +^o(A)>0, 

we deduce that, for all i = jo, ■ ■ ■ ,jo + to — 1, 

(110) Ci(T) = 0(r- 2+ ~ 5+ °t) asr->0+ 

with 8 = min{e, 2s + (p — 2)7} > 0. Consequently, the functions 

t i-> — -d(t) and t i-> — +&(t) 

oj - a, a, - aj 



belong to L 1 (0,i?). Hence 



1 Ci{p) dp ) = o(r CT > ) as r -> 0+ 



and then, by (106), there must be 

/•R f-a-r+l 

Q{t)dt. 



CT; -O-* 
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Using (110), we then deduce that 

(111) r< c 2 + / — T Ut) dt = r< / - + -d{t) dt ) = 0(r^+ 5 ) 



/0 CT, -<Ti 

asu + . From (108) and (111), we obtain that, for all i = jo, . . . , jo + m — 1, 

(112) <pi{T) = T a t (c\ + J *+ a '_ + \ 0{t) dt + 0(T*)^J aST->0+. 

Let us assume by contradiction that lim^_>.o+ ^ 2y H (A) = 0. Then, for all i G {jo, • • • , jo +m— 1}, 
(103) and (105) would imply that 



lim + T _<7 * + (pi{r) = 0. 



Hence, in view of (112), 



o °t ~ °\ 



: (i(t)dt = 0, 



which, together with (110), implies 



(113) [c\+ I \ _ Q(t) dt = r°t / + Q(t) dt = 0(r<+ 5 ) 



as r — > + . Collecting (108), (111), and (113), we conclude that 

ifiir) = 0(t^ +s ) as r 0+ for every i G {j , . . . , j + m - 1}, 

namely, 

V^WK.^LpfiJi-) = °( r7+ ") as r ^ 0+ 

for every '0 G .Ao = spa^^Hl^™ -1 ; where >4o is the eigenspace of problem (10) associated to 
the eigenvalue fJ,j (X) = /i jQ +i(A) = ■ ■ ■ = /i Jn+ „ i _i(A). From (76), there exists C(<5) > such that 
-J H(t) ^ C((5)r 7+ 2 for r small, and therefore 

(114) (^ T » L 2 ( s« ; ^) = 0(r*) asr^0+ 

for every -0 G „4o- From Lemma 4.2, for every sequence r„ — > + , there exist a subsequence 
{fnfclfceN and an eigenfunction tp G -4o 

(115) / 6»J- 2s ^ 2 (6»)d5 = 1 and w T "^ ^ in L 2 (§^ ; 0j- 2s ). 

From (114) and (115), we infer that 

= lim (w r "fc,^)L2 ( s«-i) = H^ll 2 „ i- 2s , = 1, 
thus reaching a contradiction. ■ 

We can now completely describe the behavior of solutions to (35) near the singularity, hence proving 
Theorem 4.1. 

PROOF of Theorem 4.1. Identity (79) follows from part (i) of Lemma 4.2, thus there exists 



fc G N, fc ^ 1, such that 7 = lim r ^ + N(r) = + J {^r 1 ) + Vk W- Let us denote as 

m the multiplicity of fij (X) so that, for some jo G N, jo ^ 1, jo ^ fco ^ jo + m — 1, /i JO (A) = 
/ij +i(A) = • • • = /J,j a+rn -i(\) and let {0i}£Ll^™ _ be an L 2 (S>+; #J~ 2s )-orthonormal basis for the 
eigenspace associated to /Xfc (A). 

Let {T n }„gN C (0, +00) such that linin^+oo r n = 0. Then, from part (ii) of Lemma 4.2 and 
Lemmas 4.3 and 4.5, there exist a subsequence {T nj .}fcgN and m real numbers /3j , . . . , /3j _|_ rn _i G R 
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such that (j3j , fij +i, Pj +m-i) ^ (0, 0, . . . , 0) and 

jo+m— 1 

(116) T-^w{T nk 6)^ Mii e ) inC ' a (S+) as fc -> +oo, 

i=jo 
jp +m — 1 

(117) ^(^n/) 4 Z &^(O,0') in C^fS"" 1 ) asfc^+co, 

i=jo 

and 

jo+m-i 

(118) r^V^O,^') -> Pi<Wl>iWW + V s k-i^(0,^)) iii C ' ^" 1 ) as fc -> +oo 

i=jo 

for some a € (0, 1). 

We now prove that the ft's depend neither on the sequence {r„}„ e N nor on its subsequence 

{T„ fc } feeN - 

Defining ipi and as in (104) and (107), from (116) it follows that, for any i = jo,... ,jo + m — l, 

(119) r-> i (r n J=/ ^-HL^^)^ £ ft/ \-^ e)MB) dS = ft 

as /c -+ +oo. As deduced in the proof of Lemma 4.5, for any i = jo, . . . , jo + m — 1 and r e (0, i?] 
there holds 

(120) w (r) = fcj + /"* V + - Ci(*) <ft) + r< ( f V + - Ci(*) * 

+ ( r R t- a t +1 - \ 

= t^ [c\ + J ^—= &{t)dt + 0(T S )J asr^0+, 

for some c\ <G R, where tr^ are defined in (109). Choosing r = R in the first line of (120), we 
obtain 

+ - + r R s -^ +1 

c\ = R-^^{R)-R a '-^ / — -Us)ds. 

Jo cfj - &i 

Hence (120) yields 

r-*V((r)-> R-^ Vi (R)-R a '-^ f + \ Q{t) dt + / + - asr^0+, 

and therefore from (119) we deduce that 

ft = iT 7 / e\- 2a w{Re)ipi{e)dS 
is" 

_ ^-2,-™ J* £^2\ s ( J (h(pe')w(o, pff) + f( P e', w(o, P e')))Mo, 0') ds'^j d P 

In particular the ft's depend neither on the sequence {T„} nS N nor on its subsequence {T nk }k^, 
thus implying that the convergences in (116) and (117), and (118) actually hold as r — > + and 
proving the theorem. □ 

5. Proof of Theorem 1.1 

Let D s,2 (n) denote the completion on C^°(il) with respect to the norm || • H-ps^^N-,. Simple 
density arguments show that (7) is equivalent to 

(121) (u, ip) Vs ,2 {R N } = ( J^u(x) + h(x)u{x) + f(x, u(x))J ip{x) dx, for all ip e V s - 2 (il). 
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Since u G V S ' 2 (R N ), wc can let U(u) G 2? 1 - 2 (R+ +1 ; t 1 ' 23 ) such that 

/ t 1 - 2s VH(u)-V<pdtdx = 0, for all pG C C °°(R^ +1 ), 

and T-L{u) =uon R N identified with 5R;^ +1 , i.e. %{u) weakly satisfies 

fdiv^-^VHH) = 0, in R^ +1 , 

\U(u) = u, on dR^ +1 = {0} x R N . 

From [4] we have that 

/ t 1 - 2s VU{u)-Vtpdtdx = Ksiu,^.,!^ for all ^ G V 1 ' 2 (R^ +1 ;t 1 ~ 2s ), 

where 

_ r(i- s ) 
- 2 2 -ir( s )' 

i.e. 

_ Um ti-aa^) =Ka( _ A) . u(a;) 

in a weak sense. Therefore u G 2? S ' 2 (R W ) weakly solves (1) in f2 in the sense of (7) if and only if 
its extension w = H(u) satisfies 

'div(^" 2s Vu;) = 0, inR^ +1 , 



(122) iw = u, on 
lim < _^o+* 1 ~ a "^(* > sc) = K s (pjWw + /iw + /(a:,w)), on J2, 

in a weak sense, i.e. if for all <p € 2? 1 ' 2 (R+ +1 ; t 1_2s ) such that x M- <^(0, x) G 2? s ' 2 (fi) we have 

(123) / t 1_2s V«) -Vtpdbdx = k s [ ( r ^ r w + hw + f(x,w))<pdx. 
Jm^ +1 Ju\\ x r J 

Since P 1 ' 2 (R^ +1 ; t 1 " 28 ) ^ H 1 (B^; t 1 ' 28 ) for all i? > 0, the result follows from Theorem 4.1. □ 
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